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Abstract. In this paper, we will consider an arithmetic analogue of Bogomolov unsta- 
bility theorem, i.e. if (E, h) is a torsion free Hermitian sheaf on an arithmetic surface X 
and deg((rk£;- l)c x {E, h) 2 - (2rkE)c 2 (E, h)) > 0, then there is a non-zero saturated 
subsheaf F of E such that c\(F, h\ F )/rkF — ci(E,h)/rkE lies in the positive cone of X. 



0. Introduction 

In [Bo], Bogomolov proved unstability theorem, namely, if a vector bundle E on a 
complex projective surface S satisfies an inequality (rkE — l)ci(E) 2 — (2 rkE)c2(E) > 0, 
then there is a saturated subsheaf F of E such that ci(F)/rkF — c\(E)/rkE belongs to 
the positive cone of S. In this paper, we would like to consider an arithmetic analogue 
of Bogomolov unstability theorem. 

Let / : X — > Spec (Ok) be a regular arithmetic surface over the ring of integers of a 

- — -l 

number field K with f*Ox = Ok, and deg K : CH (X)-r — > K the natural homomorphism 
given by 

deg K : CR{X) R CR\X) R ^ CR\X K ) R ^ R. 

The positive cone C ++ (X) of X is defined by the set of all elements x G CH (X) R with 
deg(x 2 ) > and deg K (x) > 0. A torsion free Hermitian sheaf (E, h) on X is said to be 
arithmetically unstable if there is a non-zero saturated subsheaf F of E with 

ci(F,/i| F ) C!(E,h) 



rkF rkE 



eC++(X), 



where h\ F is the Hermitian metric of F given by the restriction of h to F. The main 
theorem of this paper is the following. 
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Theorem A. If (E 1 , h) is a torsion free Hermitian sheaf on X and 

deg((rk£- l)ci(£,/i) 2 - (2 rk£)c 2 (£,/*)) > 0, 
then (E, h) is arithmetically unstable. 

Let A be an element of CH (X)-r with deg(A-x) > for all x G C++(X), i.e. according 
to terminology in §1.1, A is an element of the weak positive cone C + (X). A torsion free 
Hermitian sheaf (E, h) on X is said to be arithmetically [i-semistable with respect to A 
if, for all non-zero saturated subsheaves F of E, 

dij(ci(F, h\ F )-A) < gjgiCg, feM) 
rkF ~ rk£ 

Then, we have the following corollary of Theorem A. 

Corollary B. If (E, h) is arithmetically fx-semistable with respect to A, then 
deg ((2rkE)c 2 (E, h) - (rk£ - l)ci(£, /i) 2 ) > 0. 

If A = ^0, XlcreA"(C) VIA : Q])' then arithmetic jU-semistability of (i?, /i) with respect 
to A is nothing more than jU-semistability of Eq. So this corollary gives a generalization 
of [Mol], [Mo2] and [So]. 

In §1, we will prepare several basic facts of the positive cone and Hermitian vector 
spaces. In §2, we will consider finiteness of saturated subsheaves in a Hermitian vector 
bundle, which will be crucial for the proof of Theorem A. §3 is devoted to the proof of 
Theorem A and Corollary B. 

1. Preliminaries 

1.1. Positive cone of arithmetic Chow group. Here, we consider basic properties 
of the positive cone of the arithmetic Chow group of co dimension 1. 

Let K be a number field and Ok the ring of integers of K. Let / : X — > Spec(OK) be 

a regular arithmetic surface with f*Ox = Ok, and deg K : CH (X)r — > R the natural 
homomorphism defined by 



We set 



deg^ : Ch'pQk CH 1 (X) K ^ CR\X K ) R ^ R. 

C++(X) = [x G CH^XV | deg(x 2 ) > and deg^(x) > o} and 
C+(X) = {xe CH{X) R I d^g(x • y) > for all y E C++{X)} . 

C ++ (X) (resp. C + (X)) is called the positive cone of X (resp. the weak positive cone of 
X). First of all, we have the following lemma. 
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Lemma 1.1.1. (1.1.1.1) If h E C++(X), x E CE (X) R and deg(x ■ h) = 0, then 
deg{x 2 ) < 0. 

(1.1.1.2) Ifx E CH(X) R , deg(x 2 ) > and deg K (x) > 0, then x E C+(X). 

(1.1.1.3) If h E C++(X), x E CH(X) R , deg(x 2 ) > and deg(x ■ h) > 0, then 
x E C+(X). 

Proof. (1.1.1.1) Let t be a real number with deg K (x — th) = 0. Then, by Hodge index 
theorem (cf. [Fa], [Hr] or [Mo3]), deg((x - th) 2 ) < 0. Thus, deg(x 2 ) + t 2 deg{h 2 ) < 0. 
Therefore, deg(x 2 ) < 0. 

(1.1.1.2) Let y E C ++ (X) and t a real number with deg K (y — tx) = 0. Then, t > 0. 
By Hodge index theorem, deg((y — tx) 2 ) < 0. Thus, we have 

deg(y 2 ) + t 2 deg(x 2 ) < 2tdeg(x ■ y). 

Therefore, deg(x ■ y) > 0. Hence, x E C + (X). 

(1.1.1.3) Let y E C ++ (X) and t a real number with deg(y — tx ■ h) = 0. Then, t > 
by (1.1.1.2). (1.1.1.1) implies deg((y — tx) 2 ) < 0. Thus, by the same way as above, we 
have deg(x ■ y) > 0, which implies x E C+(X). □ 

C ++ (X) and C + (X) have the following properties. 

Proposition 1.1.2. (1.1.2.1) C++(X) C C+(X). 

(1.1.2.2) Ifx,yE C++(X) andt > 0, then x + y,tx E C ++ (X). 

(1.1.2.3) Ifx,ye C+(X) andt > 0, then x + y,tx E C+(X). 

(1.1.2.4) C++(X) = {xE CH 1 ^)^ | feg(x -y)>0 for all y E £+(*)}. 

Proof. (1.1.2.1) and (1.1.2.2) are straightforward from (1.1.1.2). (1.1.2.3) is obvious. 
(1.1.2.4) Clearly, we have 

C++(X) C |x E CH 1 (X) M | d^g(x ■ y) > for all y E C + (X)} . 

We assume that deg(a; • y) > for all y E C+(X). If we set B = (o, J2aeK(C) 

then B E C + (X). Thus, deg K (x) = deg(x ■ B) > 0. Hence, it is sufficient to show 
deg(x 2 ) > 0. Here, we fix h E C ++ (X) with deg(/i 2 ) = 1. We set t = deg(x ■ h) > 0. 
Since deg(x -th-h) = 0, by (1.1.1.1), deg((x - th) 2 ) < 0. If deg((x - th) 2 ) = 0, then 

deg(a; 2 ) = deg((th + (x - th)) 2 ) = t 2 > 0. 

. / \l/2 

Thus, we may assume that deg((x — th) 2 ) < If we set s = ( — deg((x — th) 2 ) ) and 
I = (x — th)/s, then x = th + si, deg(/ 2 ) = —1 and deg(h ■ I) =0. Let us consider 
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y = h + l. Since deg(y 2 ) = and deg(y ■ h) = 1, by (1.1.1.3), y G C+pT). Thus, 
deg(x ■ y) = t — s > 0. Therefore 

deg(x 2 ) = t 2 - s 2 = (t + s)(t - s) > 0. 

Hence, x G C++(X). □ 

Finally we consider the following proposition. 

Proposition 1.1.3. For z G CH (X)-r, we set 

(1.1.3.1) W(z) = {ue C+(X) | ciei(^ • u) > o} . 

//x ^ C++(X) ; y G C++(X) and W(x) ^ 0, ^en W(x) g W(x + y). 

Proof. Clearly, W(x) C W(x + y). By virtue of (1.1.2.4), W(x) g C+(X). Let «i G 
W(x), «2 G C* + (X) \ W(x) and t = — deg(x ■ u 2 ) /deg(x ■ Ui) . Then, t > and deg(x-w 2 + 
tui) = 0. Hence, u 2 + tu\ g W(x). On the other hand, by (1.1.2.3), u 2 + tu\ G C+(X). 
Moreover, deg(y • u 2 + tu\) > 0. Thus, deg(x + y ■ u 2 + tui) > 0. Therefore u 2 + tu\ G 
W(x + y). □ 

1.2. Hermitian vector space. Let V be a C-vector space, hy a Hermitian metric on 
V and a subvector space of V. Considering the restriction of h to W, the metric 
induces a metric /i^ of W, which is called the submetric ofW induced by hy- Let W 1 - 
be the orthogonal complement of W. Then the natural homomorphism W 1 - — > V/W is 
isomorphic. Thus we have a metric hy/w °f V/W given by This metric is called 

the quotient metric of V/W induced by hy. 

Proposition 1.2.1. Let (V, hy) be a Hermitian vector space overC and U, W subspaces 
of V with U C W. Let hw = (hy)\ w and hy/u the quotient metric ofV/U induced 
by hy. We consider two Hermitian metrics ofW/U. Let h s = (hv/u)\ w /u an d h q the 
quotient metric induced by hw- Then, we have h s = h q . 

Proof. Let V = U © U 1 - be the orthogonal decomposition of V and / : U 1 - — > V/U the 
natural isomorphism. Then, for x,y G W/U, h s (x,y) = hy(f~ 1 (x), f~ 1 (y)). 

Let W = U © U w be the orthogonal decomposition of W, i.e. U w is the orthogonal 
complement of U in W, and g : U w — > W/U the natural isomorphism. Then, h q (x,y) = 
h v (g- 1 (x),g- 1 (y)) for x, y G W/t/. 

On the other hand, U w C U 1 - and the following diagram is commutative. 



Thus, we have h s = h q . □ 



/ 

V/U 
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2. FlNITENESS OF SATURATED SUBSHEAVES 

In this section, we will consider finiteness of saturated subsheaves in a Hermitian 
vector bundle, which will be crucial for the proof of Theorem A. 

Theorem 2.1. Let K be a number field and Ok the ring of integers of K . Let f : 
X — > Spec(OA-) be a regular arithmetic surface with f*Ox = Ok, (E,h) a Hermitian 
vector bundle on X and (H, k) a Hermitian line bundle on X . If Hk is ample, then, for 
constants C\ and Ci, the set 

L is a rank-1 saturated subsheaf of E with "| 
dei(c!(L, h\ L ) ■c 1 (H,k)) > d anddeg(L K ) > C 2 J 

is finite. 

Proof. First of all, we need the following Lemma. 

Lemma 2.1.1. Let K be an infinite field, C a smooth projective curve over K , and E 
a vector bundle on C of rank r > 2. Then, for every real number M , there is a rank-1 
saturated subsheaf L of E with deg(L) < M. 

Proof. Let H be an ample line bundle on X and n a positive integer such that n deg(H) > 
— M and E <8> H n is generated by global sections. Let us consider the following closed set 
E in C x F(H°(C,E®H n )). 

E = {(x, s) e C x F(H°(C, E ® H n )) \ s(x) = 0} . 

Let p : E — > C be the natural projection. Since E ® H n is generated by global sections, 
codim(p- 1 (x),F(H°(C,E®H n ))) = r. Therefore, codim(E, C x F(H°(C, E® H n ))) = r, 
which means dimE < dimP(i7°(C, E ® H n )). Thus, the natural projection q : E — > 
P(if (C, E 1 ® -ff n )) is not surjective. Hence, since is infinite, 

Thus, there is a section s G H (C, E ® if n ) with div(s) = 0, which induces an injective 
homomorphism H~ n — > i?. Since div(s) = 0, the image of — > is saturated. □ 

Let us start the proof of Theorem 2.1. Clearly we may assume r = xkE > 2. By 
Lemma 2.1.1, there is a filtration : {0} = F C Fi C • • ■ C F r _i C F r = E such that 

(2.1.2) Fi/Fi_i is a rank-1 torsion free sheaf for every 1 < z < r. 

(2.1.3) deg((F l /F l _ 1 ) K ) < C 2 for 1 < i < r - 1. 
Here we claim 
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Claim 2.1.4. If L is a line bundle on X with deg(L^) > C2 and <p : L — > F r _i z's a 
homomorphism, then <p = 0. 

We assume that <^ 7^ 0. Choose z in such a way that <^(L) C Fj and <^(L) <2 F-i- 
Then, we have an injective homomorphism L — > Fi/Fi-i. Since z < r — 1, deg(L^) > 
C2 > deg((Fj/F_i)x)- This is a contradiction. □ 

Let Q be the double dual of E/F r -i and /iq the quotient metric of Q induced by h 
via E — > E/F r _i, i.e. /iq = Pick up L e T . By Claim 2.1.4, we have the natural 

injection L — > Q. So there is an effective divisor on X such that L ® Ox(Dl) ~ Q. 
Let .D^ (resp. D^) be the horizontal part of Dl (resp. the vertical part of Dl)- Then, 
we have 

Claim 2.1.5. // D h L = D\, for L, V e T , then L = V. 

Let us consider M = L® O x {-D v L ,) and M' = V ® O x (-D v L ). Since D\ = D h L ,,M 
and M' has the same image in Q via E — > Q. Therefore, we have M + F r -i = M' + F r -i. 
Moreover, since M — ► Q and M' -> Q are injective, MnF r _i = M'flF r _i = {0}. Hence, 
we have a homomorphism M — > M' © F r _\ — > F r _i, which must be zero by Claim 2.1.4. 
Thus M C M'. By the same way, M' C M. Hence, M = M'. So L = V because L is 
the saturation of M in E and L' is the saturation of M' in E. □ 

We set C 3 = d^i(c 1 (Q, h Q ) -c^H, k))-C x and C 4 = deg(Q K ) -C 2 . Let Z)£ = £ 4 a^i 
be the irreducible decomposition of D\. Then, we have 

Claim 2.1.6. £ ? a l d^g(c 1 ((H, k)\ T .)) < C 3 and ^ a z [K(T z ) : K] < C 4 . 

Since L <g> Ox(Dl) — Q, we have deg(L^) + deg((-Dz,).K:) = deg(<5/c)- Thus we get 
^.a^Kili): K]<C 4 . 

We choose a Hermitian metric /i£> L of Ox(Dl) in such a way that (L, h\ L )<g>(Ox(DL,), ho L ) 
is isometric to (Q, hQ). Let 1 be the canonical section of H (X, Ox(Dl)) with div(l) = 
Dl, and D V L = J2j bjlj the irreducible decomposition of the vertical part of Dl- Then, 
we have 

S£(ci(Ox(I?l), h DL ) • ci(fT, fc)) = ]T OiEiCciC (H, fc)| r ,)) + £ 6, deg(tf|,.) 

-\ E / log(^(l,l))ci(^,M- 

Since /iq is a quotient metric of /i, we can see hr> L (1, 1) < 1 for all points of each infinite 
fiber Therefore, we get 

aid^iMiH, k)\ Fi )) < d^ic^OxiDL), h DL ) ■ c 1 (H, k)) 

i 

= d5(ci(Q, h Q ) ■ C!(H, k)) - d5(ci(L, /i| L ) • ci(#, fc)) 

<c 3 . 
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Thus, we obtain our claim. □ 

To complete our theorem, by Claim 2.1.5, it is sufficient to see that {F)\ \ L e J 7 } is 
finite. Since £\ a t [K(Ti) : K] < C 4 , we have a< < C 4 and [Q(r\) : Q] < C 4 [K : Q]. Let 
= D*l(+) + D^(-) be the decomposition of D\ such that 

d l(+)= J2 a * r * and D £(-) = J2 a * r - 

d^(c 1 ((H,fe)| r .))>0 d^(c!((H,fc)| r .))<0 

By Northcott's theorem (cf. Theorem 2.6 in Chapter 2 of [La]), the set {-D£(— ) | L e J? 7 } 
is finite. Hence, there is a constant C5 depending only on JF with 

d^(c!((H,fe)| r .))>0 

Thus, {£>£(+) | L G JF} is finite. Therefore, \ L e F} is finite. □ 

Corollary 2.2. Let K be a number field and Ok the ring of integers of K . Let f : 
X — > Spec(Oif) be a regular arithmetic surface with f*Ox = Ok, (E,h) a Hermitian 
vector bundle on X and (H, k) a Hermitian line bundle on X . If Hk is ample, then, for 
constants C\ and C2, the set 



ci(F, h\ F )eCR(X) 



F is a non-zero saturated subsheaf of E with 
deg(ci(F, h\ F )-c 1 (H,k)) > d and deg(F K ) > C 2 



is finite. 

rkF 

Proof. Since det F is a saturated subsheaf of /\ E, our corollary is an immediate con- 
sequence of Theorem 2.1. □ 

3. Proof of Bogomolov unstability (Theorem A) 

Before the proof of Theorem A, we will fix notations. Let K be a number field and 
Ok the ring of integers of K. Let / : X — > Spec(OK) be a regular arithmetic surface 
with f*Ox = Ok- Let (F, hp) and (E, hp) be torsion free Hermitian sheaves on X. We 
set 

S(E, h E ) = dei ( r gf k ~ J M E, h E ) 2 - cz(E, h E ) 

and 

d{{F, h F ), {E, h E )) - — — ' 

Then, we have the following formula. 
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Lemma 3.1. Let — > (S, hs) — > fag) - (Q, ^q) ^ be an exact sequence of torsion 
free Hermitian sheaves on X such that hs and hQ are the induced metric by He- Then, 
we have 

5(E, h E ) < 5(S, h s ) + 5(Q, h Q ) + (rk ^ ( Q g) d5(d((g, h s ), (E, h E )f). 

Proof. First of all, c\{E,hE) = c\(S,hs) + c\(Q,ho). Moreover, by Proposition 7.3 of 
[Mol], 

dei (c 2 (E, h E ) - M(S, h s ) © (Q, h Q ))) > 0. 
Thus, by an easy calculation, we have our lemma. □ 

Let us start the proof of Theorem A. Let E yy be the double dual of E. Then, 
c 2 (£ vv , h) = c 2 {E, h) -log (# (£ vv /E)). So we may assume that E is locally free. First 
we claim 

Claim 3.2. There is a non-zero saturated sub sheaf F of E such that 

deg{F K ) deg(E K ) 
rk F rkE 

Since deg ((rkE - l)ci(£, h) 2 - (2rkE)c 2 (E, h)) > 0, by the main theorem of [Mol], 
Eq is not semistable. Let F' be the maximal destabilizing sheaf of Eq. For r E 
Gal(Q/K), let us consider t(F'). Then, t(F') C Eq, deg(r(F')) = deg(F') and 
rkr(F') = rkF', which means that t(F') is also a maximal destabilizing sheaf of Eq. 
Thus, by the uniqueness of the maximal destabilizing sheaf, we have r(F') = F'. There- 
fore, F' is defined over K. Hence, there is a saturated subsheaf F of E with F K = F'. 
Thus, we have our claim. □ 

Let (H, k) be a Hermitian line bundle on X such that Hk is ample. Since 
dei(rf((F, h\ F ), (E, h)) ■ C!(H, ck)) = feg~(d((F, h\ F ), (E, h)) ■ c^H, k)) 

log(c)[K:Q] ( deg(F K ) _ deg(E K ) ' 
2 V rki? rk ^ 

and deg(ci(.£f, ck) 2 ) = deg(c\(H, k) 2 ) — log(c)[K : Q] deg(H K ), we may assume that 
deg(cT((F, h\ F ), (E, h))) -c^H, k)) > and c^H, k) E d++(X) if we replace k by ck with 
sufficiently small positive number c. Here we consider the following set. 

G is a non-zero saturated subsheaf of E with 

G dli(d((G, h\ G ), (E, h)) ■ c^H, k)) > and 
deg K (d((G,h\ G ),(E, h)))>0 

Then, F E Q. Moreover, by Corollary 2.2, h\ G ), (E, h)) E GH (X) q \ G E ^} is 

finite. 

We will prove Theorem A by induction on rkE. 
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Claim 3.3. IfrkE = 2, then d((F, h\ F ), (E, h)) G C ++ (X). 

Let 1ie/f be the quotient metric of E/F, i.e. He/f = h\ F ±. By Lemma 3.1, 

8(E, h) < 8(F, h\ F ) + 6(E/F, h E/F ) + ^ff Sfe h U (E, h)) 2 ). 

Since rkF = rkE/F = 1, fr| F ) < and S(E/F, h E / F ) < 0. Therefore, 

d7g(d((F,h\ F ),(E,h)) 2 )>0. 
Thus, d((F,h\ F ),(E,h))eC++(X). □ 

From now on, we assume rkE > 3. As in (1.1.3.1), for x G CH (X)r, we set 

W(x) = |tt G G+(X) | deg> • u) > o} . 

Here we claim 

Claim 3.4. Under the hypothesis of induction, if deg(d((G, h\ G ), (E, h)) 2 ) < for G G 
Q, then there is G x G Q with W(d((G, h\ G ), (E, h))) g W(d((Gi, ft| Gl ), (E, h))). 

We set /ie/g = h\ G ±. First of all, by Lemma 3.1, 

S(E, h) < S(G, h\ G ) + S(E/G, h E/G ) + { ^§^- ^(d((G, h\ G ), (E, h)f). 

Since S(E, h) > and deg(d((G, h\ G ), (E, h)) 2 ) < 0, we have either 8(G, h\ G ) > or 
S(E/G,h E/G )>0- 

If 5(G, h\ G ) > 0, then by hypothesis of induction there is a non-zero saturated subsheaf 
Gi of G with d((G u h\ Gi ), (G, h\ G )) G C++(X). Here since 

d((Gi, /i| Gi ), (£, /»)) = d((Gi, /»| Gl ), (G, M) + d((G, fc| G ), (E, h)), 
we have Gi G Q. Moreover, by Proposition 1.1.3, we get 

W(d((G, h\ G ), (E, h))) C W(d((Gi, /i| Gi ), (E, h))). 

If S(E/G,h F /G) > 0? then by hypothesis of induction there is a non-zero saturated 
subsheaf T of E/G such that d((T, /i£y G | T ), (.E/G, h E /G)) £ G++(X). Take a saturated 
subsheaf Gi in E with G C G\ and G\/G = T. Let hc^/a be the induced quotient metric 
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by Hq 1 . By Proposition 1.2.1, we have }ie/g\ t = ^d/G- Thus, by an easy calculation, 
we get 

d{{G u h\ Gi ),(E,h)) = ^c^ dttT, h E/G \ T ),(E/G,h E/G )) 

rkGrk(£?/Gi)-„_ , Wrn , NN 
+ AG^MM d((g,h|g),(g ' M) - 

Therefore, Gi G and by Proposition 1.1.3, 

W(d((G, /i| G ), (£, /»))) c w(d((Gi, fc| Gi ), (£, h))). 
Hence we get Claim 3.4. □ 

Here we assume that deg(d((G, h\ G ), (E, h)) 2 ) < for all G G Q. Then, since F G Q, 
by Claim 3.4, there is an infinite sequence {Go = F, G\, G2, . . . , G n , . . . } in Q such that 

W(d((G it h\ Gi ),(E,h))) C W(d((Gj, h\ Gj ),(E,h))) 

for all i < j. In particular, d((Gi, h\ G .), (E, h)) gives distinct elements in CH (X)q. On 
the other hand, 



{d((G, /i| G ), (-E, /*)) G Ch'^Qq I G G ^} 



is finite. This is a contradiction. So there is G G Q with deg(<i((G, /i| G ), (E,h)) 2 ) > 0. 
Thus, we get our theorem. □ 

3.5 Proof of Corollary B. Finally, we give the proof of Corollary B. We assume that 

deg ((2rk E)c 2 {E,h) - (rkE - l)ci(£, hf) < 0. 
Then, by Theorem A, there is a non-zero saturated subsheaf F of E with 

c 1 (F,h\ F ) c^E.h ) 
rk F rkE 

Thus, 



G C++(X). 



deg(cx(F, h\ F ) ■ A) deggiCg, h) ■ A) 
rkF rkE 

This is a contradiction. □ 
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